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Abstract 
Stohr, E., The pagewidth of trivalent planar graphs, Discrete Mathematics 89 (1991) 43-49. 
We prove the following result: there exist trivalent n-vertex planar graphs, any 2-page 
embedding of which has pagewidth Q(n). 
A book embedding of a graph is an ordering of its vertices along the spine of a 
book (a line) and an embedding of its edges on the pages (half-planes having the 
spine as there boundary) so that the edges embedded on the same page do not 
intersect. The pagenumber of a graph G is the minimum number of pages 
required for a book embedding of G. The pagewidth of a book embedding is the 
maximum number of edges crossing any perpendicular to the spine of a book on 
any page. The problem of embedding graphs in books was firstly studied in [l]. 
The recent interest in this problem is motivated by an approach to fault-tolerant 
VLSI design [2,5-61. 
An important topic in embedding graphs is the tradeoff between pagenumber 
and pagewidth (see [2]). It has been shown in (21 that: 
(i) there exist trivalent n-vertex outerplanar graphs, any l-page embedding of 
which has pagewidth at least n/2. 
(ii) there exist 4-valent, n-vertex subhamiltonian graphs (i.e., subgraphs of 
planar hamiltonian graphs), any 2-page embedding of which has pagewidth Q(n). 
This shows that in some situations one can achieve a small pagenumber only at 
the expense of large pagewidth. Pagewidth-pagenumber tradeoffs for an arbitrary 
number of pages have been obtained in [7]. 
In the case of outerplanar graphs the optimal with respect to pagewidth 
embedding can be achieved by using 2 pages. 
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Heath [4] has proved that every d-valent n-vertex outerplanar graph admits a 
2-page embedding of pagewidth O(d log n). 
Trivalent planar graphs have been studied in [3]. It was shown that an 
embedding of such graphs requires at most 2 pages. However, Rosenberg 
mentioned in [6] that: “the known embedding algorithms may use large 
pagewidth, but we do not know if all algorithms attaining this pagenumber must 
use such big pagewidth”. 
In the present paper we prove the following theorem. 
Theorem 1. There exists a family A(k) of trivalent n-vertex subhamiltonian graphs 
(n = 6k + 2) any 2-page embedding of which has pagewidth Q(n). 
This answers a question asked in [6]. 
The family of graphs constructed in the proof of Theorem 1 resembles the 
family used in [7]. However, the proof is entirely different from that in [7]. 
For our purposes it will be convenient to use an alternative description of book 
embeddings. Obviously, a graph can be embedded in m pages if and only if its 
vertices can be placed on a circle so that its edges are chords of the circle, each 
chord is assigned one of m colours, and two chords of the same color do not 
cross. The latter will be called an m-color circle embedding. 
Consider the graph A(k) constructed in the following way. Take k graphs 
Al, AZ, . . . , Ak, where Ai is a graph on 8 vertices a,,i, Q, . . . , ui,8 (i = 
1 9 - * * , k), given by Fig. 1. Then identify the vertices Ui,4, a,+i,i and Q, LZ~+~,~ 
and the corresponding edges (Ui,J, Ui,s), (u,+~,~, ui+& (i = 1, . . . , k - 1). See 
Fig. 2. 
The pagewidth of trivalent planar graphs 45 
a3.1 
-.., 
\ 
/ 
_ :' 
ak.4 
ak.5 
a3,8 
Fig. 3. 
Fig. 2. Obviously, A(k) is a trivalent subhamiltonian graph. A 2-color circle 
embedding of A(k) is indicated by Fig. 3. The pagewidth of the corresponding 
book embeddings obtained by cutting the circle between any two vertices and 
opening it out is at least k/2. We also mention that A(k) is 3-page embeddable 
with pagewidth 2. See Fig. 4. 
Now we show, that any family of 2-page embeddings of A(k) has pagewidth 
Q(k). For the proof we need the following theorem. 
Theorem 2 [2]. Zf a graph is not planar, then it cannot be embedded in fewer than 
three pages. 
Now we show that certain edge augmentations of A(k) lead to nonplanar 
graphs. 
Lemma 1. Any graph obtained from A(k) by adding an edge connecting an 
arbitrary vertex Of Ai to an arbitrary vertex of A,(1 c i c k - 2, i + 2 S j c k) is not 
planar. 
Proof. This graph contains a subdivision of K3,3. 
As an example, we consider the case indicated in Fig. 5. In this case, we add 
the edge connecting the vertex a to the vertex g. The desired subgraph 
homeomorphic to K3,3 is highlighted and is the complete bipartite graph on vertex 
sets {a, c, d} and {b, f, g}. 0 
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Denote by Bi the induced subgraph of Ai on Lli.2, Q, Q, and ai,,. We will use 
bi, ci, di, 5 to denote a permutation of the vertices of Bi that is determined later. 
Lemma 2. Let a 2-color circle embedding of A(k) be given. Then any two vertices 
ui,P and U~,~ (1~ i c k - 2, i + 2 <j G k, 1 up, q s 8) are not adjacent on the circle. 
Proof. To obtain a contradiction, suppose that Ui,p and U~,~ (1~ i < k - 2, i + 2 s 
j c k, 1 sp,q s 8) are adjacent on the circle. Then we can add an edge 
connecting Ui,p to Uj,4 and this edge can be labeled by one of our two colors. But 
by Lemma 1 this graph is not planar and by Theorem 2 any circle embedding of 
such a graph requires at least 3 colors. This contradiction establishes the 
lemma. q 
Definition. Let x, y, v, w be vertices placed on a circle. We say that x and y 
separate v and w if either arc of the circle connecting v and w contains one of x 
and y. (See Fig. 6.) 
Corollary. Let a 2-color circle embedding of A(k) be given. For any vertex v E Ai 
and any vertex w E Aj (1 s i s k - 2, i + 2 s j s k), there is a pair of vertices from 
Bi+l which separates v and w. 
Fig. 6. 
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Proof. Suppose that the vertices n and w are placed on a circle as indicated in 
Fig. 7. By Lemma 2, v and w are not adjacent on the circle. Consider either arc 
on the circle connecting u and W. Let n, vi, . . . , v,, w, m 2 1, be the vertices of 
A(k) on that arc. To obtain a contradiction, assume that vi, . . . , ZJ, $ B,+l. Since 
v and vi are adjacent on the circle it follows from Lemma 2 that 2r1 E Ai U B,_l. 
Since u1 and u2 are adjacent on a circle and n1 E Ai U Bi_l. we have by Lemma 2 
that 2r2 E Ai U Bi_l U Ai_- and so on. Continuing this procedure we have 
~,EA~UB,_~U~~~UA~-~ ifi>m 
or 
tJ,EAiUBi_1U.**UAl ifism. 
But 2r, and w are adjacent on the circle and w E Aj, i + 2 sj 6 k. This contradicts 
Lemma 2. 
The argument holds for either arc connecting v and W. Therefore, there exists a 
pair of vertices from Bj+l which separates v and W. This completes the proof of 
the Corollary. El 
Definition. Let two sets of vertices X and Y be placed on two disjoint arcs. A 
neighbor of X in Y is a vertex y E Y such that there is an arc on the circle 
connecting y with a vertex of X with no other vertex of Y on it. If Y contains at 
least 2 vertices, then Y contains exactly 2 neighbors of X. 
Proof of Theorem 1. Let a 2-color circle embedding of A(k) be given. Consider 
the vertices of A, and an arbitrary vertex of Ak say ak,,, (1 <rn G 8). By the 
Corollary, at kaSt one pair of VertiCeS from B2 separates vertices of A, and a+. 
Let b2 and c2 denote the neighbors of +m in B2. See Fig. 8. Further, by the 
Corollary, at least one pair Of VertkeS from B, SeparateS b, and a+, c2 and ak,,, 
(if k 24). Let b3 and c3 denote the neighbors of &,, in B3. By an inductive 
argument, we may define the neighbors bj, ci of ak,,, in Bi (2s i G k - l), that 
Separate hi-l and ak,,, and that separate ci_i and ak,m. See Fig. 8. 
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Now, we construct by induction an edge sequence (x,, yl), . . . , (x~_~, yk_& 
xi, yi E &, (1 s i s k - l), as indicated by Fig. 9. We choose x1 and yi to be any 
two vertices of B, that are connected by an edge. To get xi and y, from xi-l and 
Y;_~ (2 s i =S k - l), we distinguish the following cases. 
(1) If there is an edge connecting bi to ci, then we put bi = xi, ci = yi. 
(2) There is no edge connecting bi to ci. Let the vertices of Bi be placed on the 
circle in the order b;, ci, di, f;. For the embedding indicated in Fig. 10 we need at 
least 3 colors. 
Therefore, fi: is the neighbor of bi in {x~_~, ci, A} or (and) di is the neighbor of ci 
in {Y~_~, bi, di}. If J is the neighbor of bi, we put f;: =xi, Ci = yi, or if di is the 
neighbor of ci, we put bi = xi, di = yi. Again, there is an edge connecting xi to yi. 
Continuing this procedure we find that the 2-color circle embedding of A(k) looks 
like Fig. 9. 
Fig. 9. 
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Fig. 10. 
The existence of the edge sequence (x,, yJ, . . . , (x~_~, yk_J ensures that the 
pagewidth of any corresponding book embeddings obtained by cutting the circle 
between any two vertices and opening it out is at least (k - 1)/4. This completes 
the proof of Theorem 1. 0 
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